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i[m i +m t +... -+w n _i] 8 a 1 s +{o 1 s — *»,* + »»/+.... .+m*„_i— 2lm 1 m i +m,m 9 + 
.^+mim n -i']} t -\-{a i *+m*—m*+.....+m* n -.i-2[m i m s +m i m a + 
..... + m i! »i n _i]} 8 +..... + {a t !! +i» 1 s +m 2 2 +.....-m ,! n _i-2[m 1 »t n _i+»n s »» n _i+ 
.....+»» n _ 2 «» B _ 1 ]}»=[n-l]Ca 1 s +OT 1 ! +m 8 s+ -|-w^_ 1 ] 8 .....(8). 

In (8), let af, a, 8 a"„ represent the first, second and nth. expressions 

of the left hand member and a that of the right. 

These values of a*, a£.....a i n in (4), (5).....(6) give the corresponding val- 
ues of x lt X t ...JX„. 

In the problem, «=3 ; whence 

a, 2 =[a 1 *+m,*—»» I *— 2m, »»,]«; and 
«,»=[«».,* +»»,* — j» 2 2 — 2m,m i y. 

These values of a,*, a 2 s and a g 2 in (4), (5).....and (6) give 

x y :=4[a 1 2 m 2 2 +a 1 2 m 1 m i —m^if -\-m?m., ] ; 

a; 2 =4[o 1 !! ^n 1 2 ^-a t !! ^»,w^ 2 +m,>» !! l, -»,'»,]; and 

x i =a* + m*+m*+2m*mf — 2a 1 2 m, 2 -2« 1 !! m i! !! -8a I ! »» I »n 2 . 

Let a, =2, m,=:3, and m 2 =4; then ar, =112, 052=672, and z 3 =57. 

.-. x l +x 3 +x tt =29 t ; x 1 +x i =2S i ; s,-Hr s =13 ! ; and ^+^=27*. 

An excellent solution was also received from A. H. BELL . 
109. Proposed by HARRY S. VANDIVEE, Bala. Pa. 

If m + w-f-1 is a prime integer, show that m ! x n ! — ( — l)i(»»»-») is divisible 
by m+w+l. For instance, 6 ! x4 ! — ( — l) 7 is divisible by ] 1. 

Correction and Solution by DS. L. E. DICKSON. The University of Cbieago. 

In the formula proposed, the exponent of — 1 is not correct. Thus, for 
m=5, n— 5, the number 5 ! x 5 ! — ( — l) 6 is not divisible by 11, whereas 5 ! x5 ! 
— ( — 1)* is divisible by 11. The correct formula may be stated thus: 

mlx(p-l-m) l=(-l) m - l (modp), 

where p is any odd prime and m any integer <p. 
The proof follows from the congruences 

0>-l)!s-l(modp), -^ggl— =(-.!)» (modp), 
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of which the first is Wilson's Theorem, while the left member of the second is 
the coefficient of x m yp~ l - m in (x-\-y)P- i . The latter is congruent, modulo p, to 



xP + yP 

~xTy~ 



— XP-l—XP-ty-L. ^_(_l)w a: '"yP-l-m^_ -f yP-1. 



AVERAGE AND PROBABILITY. 

130. Proposed by LON C. WALKER. A. M., Graduate Student. Leland Stanford University, Ca). 

Four points are taken at random on the surface of a given sphere; show that the av- 
erage volume of a tetrahedron formed by the planes passing through the points taken 
three and three, is 1-35 of the volume of the given sphere. 

I. Solution by the PROPOSER. 

Choose A, B, C, D as the four random points; the center of the given 
sphere with radius r: ABFH a great circle through 
A, B; ABC a small circle through A, B, G, with I 
center 8; DGF a small circle through D parallel to| 
ABC, with center P; M the middle point of AB. 

Fut OP=x,A8=r u /_AOB=6, iOMS=4>,\ 
Z GAB— -4', l8AM=<J' i . Then we have 

AM =» , sinj0=r 1 cos^ 1 , 

8M=rcos$0<ios<f>=r ^sim! 1 , , 

O$=ra>8j0sin0, 

AC=2r 1 cosO-^ 1 ), 

PD=,/(r 8 — z 2 ), 

r 1 =r(sin J J«'+eos 2 i<'cos' 2 ^)4 , area ABC— 2»r 1 sini0siny''cos(0— v'' t ), 

volume of tetrahedron D — ABG=\8P.a,r^&ABG=\rr^ (x + rcos$0sin^)sin£0 
Xsintfcos(^— ^,). 

Hence, we have for the required average volume, F=.- T $ 5 rr 8 =^- 5 of the 
volume of the given sphere. 

[For the integration, see solution in last issue, page 113, where the figure (or Professor Zerr's solu- 
tion was inserted for the one belonging to Professor Walker's solution. F.] 

131. Proposed by LON C. WALKER. A. M.. Graduate Student. Leland Stanford Jr. University. Cal. 

A sphere is described with its center within a given sphere, and its surface intersect- 
ing the surface of the given sphere. The average volume common to both spheres is 10/21 
of the volume of the given sphere. 




Solution by the PROPOSER. 

Let jYbe the center of the given sphere, and N that of the random sphere. 
Put BM=a, NB=x, MN=y, iMBN=e, iBMN=<!>, £BNM=<i<. 
Then we have 



